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The “if you’re bored” questions: 
[partial answers may be given following the talk] 

 
1. Prove:  if a + b + c = π and n is an integer,  

then tan(na) + tan(nb) + tan(nc) = tan(na) tan(nb) tan(nc) 
 
2. Find and prove a similar identity involving cotangent. 
 
3. How about the other 4 trig functions? 
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Proof Technique Summary 
a. LHS = ··· = RHS 
b. LHS = ··· = ; RHS = ··· =  
c. Known Identity ⇒ Target Identity 
d. Target Identity ⇒ Known Identity 

  (with reversible steps) 
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 HYPERBOLIC FUNCTIONS 
(based on a worksheet by Steve Condie) 

 
Part I. Definitions 
 
If we graph the “unit circle” with center at the origin, the trigonometric functions sine and cosine can be 
defined in terms of the coordinates on the circle. From the figure below we see that  

cos x! =  and sin y! = . 
We can find cosu  and sinu  for any real number u in this way.  

 
Alternately, again referring to the figure above, the area of the shaded portion of the circle is given by  
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We now let ( ),x y  be the point of intersection of the unit circle and the terminal side of the angle that 

sweeps out an area A. Let 2u A=  and define cosine and sine by:  
cosu x=  and sinu y= . 

If the angle sweeping out A is measured in the clockwise direction from the positive x-axis, we take 
2u A= ! . In this manner we again have cosu  and sinu  defined for all real numbers u. You should 

convince yourself that the definitions here are equivalent to our original definitions of sine and cosine.  
 



Suppose we now sketch the graph of a “unit hyperbola”—that is, the hyperbola which has center 
 
0,0( ) , 

vertex 
 
1,0( ) , and asymptotes with slope 1± . We look at the right branch of this hyperbola 2 2

1x y! = . 

 
We define the hyperbolic sine and hyperbolic cosine as follows. (Remark: Sometimes sine and cosine are 

called circular functions. Note the similarity in the way these functions are defined on the hyperbola.) 
 
Draw a line from the origin to a point 

  
x, y( )  on the right branch of the hyperbola, (see Figure 2). Let A be 

the area of the region enclosed by the line from the origin to the point 
  

x, y( ) , the x-axis, and the hyperbola. 

If 2u A= , we define the hyperbolic sine (sinh) and hyperbolic cosine (cosh) by 
coshu x=  and sinhu y= . 

We take u to be negative if the point 
  

x, y( )  is below the x-axis. 

 
Use the graph to answer the following: 
      
 a. sinh 0 =    b. cosh 0 =  

 
 c. Classify sinh and cosh as odd, even or neither. Explain your answers. 
 
 
 
 d. Find an identity involving 2

cosh u  and 2
sinh u . 



Part II. Evaluating Hyperbolic Sine and Cosine 
 
As might be expected, these definitions are quite cumbersome to work with should we wish to find the value 
of sinh 2  or cosh 2 . However, with a little help from a CAS we can find a formula for sinhu  and coshu  
which will be relatively simple to use. 
 
a. Let A be the area of the shaded region pictured in the figure below. Thinking of the right branch of 

the hyperbola as a function of y, we have that x = . (Why is this a useful way to approach 

this problem?) 

 
b. Express the area of A as an integral:  A = . 

 
c. Use your computer algebra system to calculate this integral: 

(If you are looking for a challenge, try this integral by hand!) 
 
A = .  Therefore 2u A= = . 

 
d. From the definition of sinh and cosh, it follows that 
 
 i. 

  
sinhu = sinh( ) = b , and 

ii. 
  
coshu = cosh( ) = b

2
+1  

 
Have we accomplished anything? (Although this is a rhetorical question, feel free to give it some thought). 
Are we any closer to finding sinh 2  or cosh 2 ? 



e. From part c, we have that 
  

u = ln b
2
+1 + b( ) .  Since sinhu b= , solving this equation for b will 

give a formula for sinhu .  Solve now: 
 
 
 
 
 
 
 
 
 
 
Therefore, 

sinhu b= =  

 

f. From part c, we also have that 2
cosh 1u b= + .  Substitute your value for b from above and 

simplify to get a formula for coshu . 
 
 
 
 
 
 
 
 
 
 
 
 
 
You should have that 

coshu =  

 
 
 
 

 
 At some point during the above derivation there should have been an audible exclamation of 
astonishment!  We first defined the hyperbolic sine and cosine in terms of points on the “unit” hyperbola. 
What would lead us to believe that these functions would be so intimately intertwined with the exponential 
function u

e ?  (If you don’t have u
e  involved in your formulae above, check with your classmates). 

Formulate a question involving the circular trig functions, the hyperbolic trig functions, the exponential 
function, and the derivation above; or connections among these. Write that question here. 



Part III. Derivatives of Hyperbolic Sine and Cosine 
 
We would like to find the derivatives of these functions. Use the formulae you derived in Part II to find the 
derivatives of sinh and cosh in terms of sinh and cosh. 
 
a. Find 

  
D

x
sinh x( ) . 

 
 
 
 
 
(Hmm? this looks familiar. Apparently the derivative of sinh has a striking similarity to the 
derivative of sine.) 
 
 

b. Find 
  
D

x
cosh x( ) . 

 
 
 
 
 
 
 

Part IV. The Other Hyperbolic Trig Functions 
 
Since sinh and cosh are defined in a analogous manner to sine and cosine, we can quite logically define 
four more hyperbolic functions as follows:  
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Using the quotient rule along with your results from Part III, find 
 
a. Dx[tanh x] 
 
 
 
 
 
 
b. Dx[coth x] 



c. Dx[sech x] 
 
 
 
 
 
 
d. Dx[csch x] 
 
 
 
 
 
 
 
From the above work we immediately have: 
 
e. sinh x dx =!  

 
f. cosh x dx =!  

 
g. 2

sech x dx =!  

 
h. 2

csch x dx =!  

 
i. sech tanhx x dx =!  

 
j. csch cothx x dx =!  

 
 
Try to derive some other “hyperbolic trig” identities. 

 
 



Part V: Graphs  
 
Use your calculator or what you know from graphing with help of the derivative, to sketch the graphs of 

coshy x=  and sinhy x= . 
 

 

 
Use your calculator to graph sinhy x= , 

  
y = ln x + x

2
+ 1( ) , and y x=  on the same set of coordinate 

axes. What does your graph suggest? Would you have expected this? Why or why not?
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sinHtL = sinHtL
sinH2 tL = 2 cosHtL sinHtL
sinH3 tL = 3 cos2HtL sinHtL - sin3HtL
sinH4 tL = 4 cos3HtL sinHtL - 4 cosHtL sin3HtL
sinH5 tL = sin5HtL - 10 cos2HtL sin3HtL + 5 cos4HtL sinHtL
sinH6 tL = 6 sinHtL cos5HtL - 20 sin3HtL cos3HtL + 6 sin5HtL cosHtL
sinH7 tL = -sin7HtL + 21 cos2HtL sin5HtL - 35 cos4HtL sin3HtL + 7 cos6HtL sinHtL
sinH8 tL = 8 sinHtL cos7HtL - 56 sin3HtL cos5HtL + 56 sin5HtL cos3HtL - 8 sin7HtL cosHtL
sinH9 tL = sin9HtL - 36 cos2HtL sin7HtL + 126 cos4HtL sin5HtL - 84 cos6HtL sin3HtL + 9 cos8HtL sinHtL
sinH10 tL = 10 sinHtL cos9HtL - 120 sin3HtL cos7HtL + 252 sin5HtL cos5HtL - 120 sin7HtL cos3HtL + 10 sin9HtL cosHtL
sinH11 tL = -sin11HtL + 55 cos2HtL sin9HtL - 330 cos4HtL sin7HtL + 462 cos6HtL sin5HtL - 165 cos8HtL sin3HtL + 11 cos10HtL sinHtL
sinH12 tL = 12 sinHtL cos11HtL - 220 sin3HtL cos9HtL + 792 sin5HtL cos7HtL - 792 sin7HtL cos5HtL + 220 sin9HtL cos3HtL - 12 sin11HtL cosHtL
sinH13 tL = sin13HtL - 78 cos2HtL sin11HtL + 715 cos4HtL sin9HtL - 1716 cos6HtL sin7HtL + 1287 cos8HtL sin5HtL - 286 cos10HtL sin3HtL + 13 cos12HtL sinHtL
sinH14 tL = 14 sinHtL cos13HtL - 364 sin3HtL cos11HtL + 2002 sin5HtL cos9HtL - 3432 sin7HtL cos7HtL + 2002 sin9HtL cos5HtL - 364 sin11HtL cos3HtL + 14 sin13HtL cosHtL
sinH15 tL = -sin15HtL + 105 cos2HtL sin13HtL - 1365 cos4HtL sin11HtL + 5005 cos6HtL sin9HtL -

6435 cos8HtL sin7HtL + 3003 cos10HtL sin5HtL - 455 cos12HtL sin3HtL + 15 cos14HtL sinHtL
cosHtL = cosHtL
cosH2 tL = 2 cos2HtL - 1

cosH3 tL = 4 cos3HtL - 3 cosHtL
cosH4 tL = 8 cos4HtL - 8 cos2HtL + 1

cosH5 tL = 16 cos5HtL - 20 cos3HtL + 5 cosHtL
cosH6 tL = 32 cos6HtL - 48 cos4HtL + 18 cos2HtL - 1

cosH7 tL = 64 cos7HtL - 112 cos5HtL + 56 cos3HtL - 7 cosHtL
cosH8 tL = 128 cos8HtL - 256 cos6HtL + 160 cos4HtL - 32 cos2HtL + 1

cosH9 tL = 256 cos9HtL - 576 cos7HtL + 432 cos5HtL - 120 cos3HtL + 9 cosHtL
cosH10 tL = 512 cos10HtL - 1280 cos8HtL + 1120 cos6HtL - 400 cos4HtL + 50 cos2HtL - 1

cosH11 tL = 1024 cos11HtL - 2816 cos9HtL + 2816 cos7HtL - 1232 cos5HtL + 220 cos3HtL - 11 cosHtL
cosH12 tL = 2048 cos12HtL - 6144 cos10HtL + 6912 cos8HtL - 3584 cos6HtL + 840 cos4HtL - 72 cos2HtL + 1

cosH13 tL = 4096 cos13HtL - 13312 cos11HtL + 16640 cos9HtL - 9984 cos7HtL + 2912 cos5HtL - 364 cos3HtL + 13 cosHtL
cosH14 tL = 8192 cos14HtL - 28672 cos12HtL + 39424 cos10HtL - 26880 cos8HtL + 9408 cos6HtL - 1568 cos4HtL + 98 cos2HtL - 1

cosH15 tL = 16384 cos15HtL - 61440 cos13HtL + 92160 cos11HtL - 70400 cos9HtL + 28800 cos7HtL - 6048 cos5HtL + 560 cos3HtL - 15 cosHtL



sinHtL = sinHtL
sinH2 tL = 2 cosHtL sinHtL
sinH3 tL = 3 sinHtL - 4 sin3HtL
sinH4 tL = 4 cos3HtL sinHtL - 4 cosHtL sin3HtL
sinH5 tL = 16 sin5HtL - 20 sin3HtL + 5 sinHtL
sinH6 tL = 6 sinHtL cos5HtL - 20 sin3HtL cos3HtL + 6 sin5HtL cosHtL
sinH7 tL = -64 sin7HtL + 112 sin5HtL - 56 sin3HtL + 7 sinHtL
sinH8 tL = 8 sinHtL cos7HtL - 56 sin3HtL cos5HtL + 56 sin5HtL cos3HtL - 8 sin7HtL cosHtL
sinH9 tL = 256 sin9HtL - 576 sin7HtL + 432 sin5HtL - 120 sin3HtL + 9 sinHtL
sinH10 tL = 10 sinHtL cos9HtL - 120 sin3HtL cos7HtL + 252 sin5HtL cos5HtL - 120 sin7HtL cos3HtL + 10 sin9HtL cosHtL
sinH11 tL = -1024 sin11HtL + 2816 sin9HtL - 2816 sin7HtL + 1232 sin5HtL - 220 sin3HtL + 11 sinHtL
sinH12 tL = 12 sinHtL cos11HtL - 220 sin3HtL cos9HtL + 792 sin5HtL cos7HtL - 792 sin7HtL cos5HtL + 220 sin9HtL cos3HtL - 12 sin11HtL cosHtL
sinH13 tL = 4096 sin13HtL - 13312 sin11HtL + 16640 sin9HtL - 9984 sin7HtL + 2912 sin5HtL - 364 sin3HtL + 13 sinHtL
sinH14 tL = 14 sinHtL cos13HtL - 364 sin3HtL cos11HtL + 2002 sin5HtL cos9HtL - 3432 sin7HtL cos7HtL + 2002 sin9HtL cos5HtL - 364 sin11HtL cos3HtL + 14 sin13HtL cosHtL
sinH15 tL = -16384 sin15HtL + 61440 sin13HtL - 92160 sin11HtL + 70400 sin9HtL - 28800 sin7HtL + 6048 sin5HtL - 560 sin3HtL + 15 sinHtL
sinHtL = sinHtL
sinH3 tL = 3 sinHtL - 4 sin3HtL
sinH5 tL = 16 sin5HtL - 20 sin3HtL + 5 sinHtL
sinH7 tL = -64 sin7HtL + 112 sin5HtL - 56 sin3HtL + 7 sinHtL
sinH9 tL = 256 sin9HtL - 576 sin7HtL + 432 sin5HtL - 120 sin3HtL + 9 sinHtL
sinH11 tL = -1024 sin11HtL + 2816 sin9HtL - 2816 sin7HtL + 1232 sin5HtL - 220 sin3HtL + 11 sinHtL
sinH13 tL = 4096 sin13HtL - 13312 sin11HtL + 16640 sin9HtL - 9984 sin7HtL + 2912 sin5HtL - 364 sin3HtL + 13 sinHtL
sinH15 tL = -16384 sin15HtL + 61440 sin13HtL - 92160 sin11HtL + 70400 sin9HtL - 28800 sin7HtL + 6048 sin5HtL - 560 sin3HtL + 15 sinHtL
sinH17 tL = 65536 sin17HtL - 278528 sin15HtL + 487424 sin13HtL - 452608 sin11HtL + 239360 sin9HtL - 71808 sin7HtL + 11424 sin5HtL - 816 sin3HtL + 17 sinHtL
sinH19 tL = -262144 sin19HtL + 1245184 sin17HtL - 2490368 sin15HtL + 2723840 sin13HtL -

1770496 sin11HtL + 695552 sin9HtL - 160512 sin7HtL + 20064 sin5HtL - 1140 sin3HtL + 19 sinHtL
sinH2 tL = 2 cosHtL sinHtL
sinH4 tL = 4 cos3HtL sinHtL - 4 cosHtL sin3HtL
sinH6 tL = 6 sinHtL cos5HtL - 20 sin3HtL cos3HtL + 6 sin5HtL cosHtL
sinH8 tL = 8 sinHtL cos7HtL - 56 sin3HtL cos5HtL + 56 sin5HtL cos3HtL - 8 sin7HtL cosHtL
sinH10 tL = 10 sinHtL cos9HtL - 120 sin3HtL cos7HtL + 252 sin5HtL cos5HtL - 120 sin7HtL cos3HtL + 10 sin9HtL cosHtL
sinH12 tL = 12 sinHtL cos11HtL - 220 sin3HtL cos9HtL + 792 sin5HtL cos7HtL - 792 sin7HtL cos5HtL + 220 sin9HtL cos3HtL - 12 sin11HtL cosHtL
sinH14 tL = 14 sinHtL cos13HtL - 364 sin3HtL cos11HtL + 2002 sin5HtL cos9HtL - 3432 sin7HtL cos7HtL + 2002 sin9HtL cos5HtL - 364 sin11HtL cos3HtL + 14 sin13HtL cosHtL
sinH16 tL = 16 sinHtL cos15HtL - 560 sin3HtL cos13HtL + 4368 sin5HtL cos11HtL - 11440 sin7HtL cos9HtL +

11440 sin9HtL cos7HtL - 4368 sin11HtL cos5HtL + 560 sin13HtL cos3HtL - 16 sin15HtL cosHtL



cosHtL = cosHtL
cosH2 tL = 2 cos2HtL - 1

cosH3 tL = 4 cos3HtL - 3 cosHtL
cosH4 tL = 8 cos4HtL - 8 cos2HtL + 1

cosH5 tL = 16 cos5HtL - 20 cos3HtL + 5 cosHtL
cosH6 tL = 32 cos6HtL - 48 cos4HtL + 18 cos2HtL - 1

cosH7 tL = 64 cos7HtL - 112 cos5HtL + 56 cos3HtL - 7 cosHtL
cosH8 tL = 128 cos8HtL - 256 cos6HtL + 160 cos4HtL - 32 cos2HtL + 1

cosH9 tL = 256 cos9HtL - 576 cos7HtL + 432 cos5HtL - 120 cos3HtL + 9 cosHtL
cosH10 tL = 512 cos10HtL - 1280 cos8HtL + 1120 cos6HtL - 400 cos4HtL + 50 cos2HtL - 1

cosH11 tL = 1024 cos11HtL - 2816 cos9HtL + 2816 cos7HtL - 1232 cos5HtL + 220 cos3HtL - 11 cosHtL
cosH12 tL = 2048 cos12HtL - 6144 cos10HtL + 6912 cos8HtL - 3584 cos6HtL + 840 cos4HtL - 72 cos2HtL + 1

cosH13 tL = 4096 cos13HtL - 13312 cos11HtL + 16640 cos9HtL - 9984 cos7HtL + 2912 cos5HtL - 364 cos3HtL + 13 cosHtL
cosH14 tL = 8192 cos14HtL - 28672 cos12HtL + 39424 cos10HtL - 26880 cos8HtL + 9408 cos6HtL - 1568 cos4HtL + 98 cos2HtL - 1

cosH15 tL = 16384 cos15HtL - 61440 cos13HtL + 92160 cos11HtL - 70400 cos9HtL + 28800 cos7HtL - 6048 cos5HtL + 560 cos3HtL - 15 cosHtL
cosHtL = cosHtL
cosH3 tL = 4 cos3HtL - 3 cosHtL
cosH5 tL = 16 cos5HtL - 20 cos3HtL + 5 cosHtL
cosH7 tL = 64 cos7HtL - 112 cos5HtL + 56 cos3HtL - 7 cosHtL
cosH9 tL = 256 cos9HtL - 576 cos7HtL + 432 cos5HtL - 120 cos3HtL + 9 cosHtL
cosH11 tL = 1024 cos11HtL - 2816 cos9HtL + 2816 cos7HtL - 1232 cos5HtL + 220 cos3HtL - 11 cosHtL
cosH13 tL = 4096 cos13HtL - 13312 cos11HtL + 16640 cos9HtL - 9984 cos7HtL + 2912 cos5HtL - 364 cos3HtL + 13 cosHtL
cosH15 tL = 16384 cos15HtL - 61440 cos13HtL + 92160 cos11HtL - 70400 cos9HtL + 28800 cos7HtL - 6048 cos5HtL + 560 cos3HtL - 15 cosHtL
cosH17 tL = 65536 cos17HtL - 278528 cos15HtL + 487424 cos13HtL - 452608 cos11HtL + 239360 cos9HtL - 71808 cos7HtL + 11424 cos5HtL - 816 cos3HtL + 17 cosHtL
cosH19 tL = 262144 cos19HtL - 1245184 cos17HtL + 2490368 cos15HtL - 2723840 cos13HtL +

1770496 cos11HtL - 695552 cos9HtL + 160512 cos7HtL - 20064 cos5HtL + 1140 cos3HtL - 19 cosHtL
cosH2 tL = 2 cos2HtL - 1

cosH4 tL = 8 cos4HtL - 8 cos2HtL + 1

cosH6 tL = 32 cos6HtL - 48 cos4HtL + 18 cos2HtL - 1

cosH8 tL = 128 cos8HtL - 256 cos6HtL + 160 cos4HtL - 32 cos2HtL + 1

cosH10 tL = 512 cos10HtL - 1280 cos8HtL + 1120 cos6HtL - 400 cos4HtL + 50 cos2HtL - 1

cosH12 tL = 2048 cos12HtL - 6144 cos10HtL + 6912 cos8HtL - 3584 cos6HtL + 840 cos4HtL - 72 cos2HtL + 1

cosH14 tL = 8192 cos14HtL - 28672 cos12HtL + 39424 cos10HtL - 26880 cos8HtL + 9408 cos6HtL - 1568 cos4HtL + 98 cos2HtL - 1

cosH16 tL = 32768 cos16HtL - 131072 cos14HtL + 212992 cos12HtL - 180224 cos10HtL + 84480 cos8HtL - 21504 cos6HtL + 2688 cos4HtL - 128 cos2HtL + 1

cosH18 tL = 131072 cos18HtL - 589824 cos16HtL + 1105920 cos14HtL - 1118208 cos12HtL + 658944 cos10HtL - 228096 cos8HtL + 44352 cos6HtL - 4320 cos4HtL + 162 cos2HtL - 1

cosH20 tL = 524288 cos20HtL - 2621440 cos18HtL + 5570560 cos16HtL - 6553600 cos14HtL +

4659200 cos12HtL - 2050048 cos10HtL + 549120 cos8HtL - 84480 cos6HtL + 6600 cos4HtL - 200 cos2HtL + 1


